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The Heyting algebra kb

— Lynn @chordbug

Yukari Hey, you know how “programs of a type” and “proofs of a theorem” are really the same thing

under some mathematical equivalence?
Yui That’s... what I talked about over lunch yesterday.
Yuzuko Ack! Stop! I'll get hungry for curry again!
Yukari Yuzuko-chan, do you remember the correspondence?

Yuzuko Um, so types are propositions, and showing a type is inhabited by some value is proving it.

The empty type Void is falsum.

Yui Wow, so you were really paying attention. .. Anyway, yeah, here’s the full mapping:

Proof-world Haskell type-world
proof of a Ab value of (a, b) (product type)
proof of aVVb value of Either a b (sum type)
proof of a — b value of a -> b (function type)
trivial proof of T unit value O :: O
L, which has no proofs empty type Void

% 2.1: The delicious curry isomorphism.

Yuzuko What about —?
Yui —p is equivalent to p — L, so it becomes p — Void.

Yukari I tried to write some proofs of laws like =(p V ¢) < —p A =g as Haskell programs, but I got

stuck.

Yui Let me take a look.
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(type (\/) = Either -- Iooks like bunny ears!

dm1 :: ((p \/ q@)->Void) -> (p->Void, g->Void)
dmi f = (f . Left, £ . Right) -- yay!

dm2 :: (p->Void, gq->Void) -> ((p \/ q)->Void)
dm2 (pv, qv) = \e -> case e of

Left p -> pv p

Right q -> qv q -- wahoo!

dm3 :: (p->Void) \/ (g->Void) -> ((p, q)->Void)
dm3 e = \(p, q) -> case e of

Left pv -> pv p

Right qv -> qv @ -- wooo!

dm4 :: ((p, @)->Void) -> (p->Void) \/ (g->Void)

dm4 f = undefined -- this ones hard??
_

Yukari I can’t construct a value like Left f, or Right g...

Yui

That’s right. That one’s impossible. In fact, the law is only true in classical logic.
Yuzuko What, like, Aristotle?

Yui No... well, kinda. Classical logic is just the logic we’re used to.
Yuzuko Of course. It’s called classical logic because it’s taught in class.

Yui S-sure. But our programs-as-proofs correspondence above is to proofs in constructive logic.
Basically, that’s when you base the logic on things like: “a proof of pV g is either a proof of

p or a proof of ¢”, rather than defining it from truth tables or axioms.
Yukari Oh, defining V like that is just like defining Either myself in Haskell!
Yuzuko Is it really that different in practice?
Yui Yeah. Because now you can’t prove Vp: pV —p.
Yuzuko Oh... you can’t implement yui :: forall p. Either p (p — Void).
Yui Hey! Don’t name it after me—

Yukari With yui’s help, I could write:

dmd :: ((p, @ -> Void) -> (p -> Void) \/ (q —-> Void)
dm4 f = case yui of

Left p -> Right (\q -> £ (p, q))

Right pv -> Left pv

Yui I... I guess. Please call it 1em or something.
Yukari Yay! Well, how do I prove that I can’t actually prove... it?
Yuzuko Can we prove there’s a proof you can’t prove this proof?

Yukari Proo... oof.
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(type (\/) = Either -- DTHH#LYTHDHLIL!

dmi :: ((p \/ g@)->Void) -> (p->Void, gq->Void)
dm1 f = (£ . Left, £ . Right) -- LIXL\M!

dm2 :: (p->Void, q->Void) -> ((p \/ q)->Void)
dm2 (pv, qv) = \e -> case e of

Left p -> pv p

Right q -=> qv q -- &U!

dm3 :: (p->Void) \/ (g->Void) -> ((p, q)->Void)
dm3 e = \(p, q) —-> case e of
Left pv -> pv p
Right qv -> qv q -- H2oL &LV

dméd :: ((p, @)->Void) -> (p->Void) \/ (gq->Void)

dm4 f = undefined -- CL\DTBFL\? ?
_
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dm4 :: ((p, @) -> Void) -> (p -> Void) \/ (q -> Void)
dm4 f = case yui of

Left p -> Right (\q -> £ (p, q))

Right pv -> Left pv
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